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TURBULENT JET EXPANSION* 

The i n v e s t i g a t i o n  d e s c r i b e d  ' in  t h i s  r e p o r t  m a s  made 
t o  s tudy  t h e  v e l o c i t y  d i s t r i b u t i o n  i n  an  open, i n  a par-  
t i a l l y  open, and i n  a p a r t i a l l y  expanding j e t .  The open- 
j e t  observat ions.  r e v e a l  minor sys t ema t i c  d i s c r e p a n c i e s  
from Tol lmien ' s  t h e o r e t i c a l  v e l o c i t y  d i s t r i b u t i o n .  The 
s h e a r i n g - s t r e s s  d i s t r f b u t i o n  f o r  t h e  p a r t i a l l y  open j e t  
w a s  de te rmired .  The va lue  de r ived  f o r  t h e  r a t i o  o f  mfxing 
d i s t a n c e  t o  j e t  width w a s  found t o  be i n  c l o s e  agreement 
wi th  t h e  corresponding va lue  f o r  t h e  open-jet  boundary. 
The s t r e a m l i n e  p a t t e r n  i n  a p a r t i a l l y  expanding channel 
was ob ta ined  f r o m  t h e  observed v e l o c i t y  d i s t r i b u t i o n  and 
p l o t t e d ,  a f t e r  which t h e  d i s t r i b u t i o n  of t h e  mixing d i s -  
t a n c e  f o r  t h i s  c a s e  mas a l s o  a s c e r t a i n e d .  

I FT BO DUG T I O  1: 

Sased on P r o f e s s o r  P r a n d t l ' s  equa t ion  for t h e  appar- 
ent s h e a r i n g  s t r e s s  induced by t u r b u l e n t  momentum i n t e r -  
change ( r e f e r e n c e  1) 

(where 
r i g h t  a n g l e s  t o  i t ;  p = d e n s i t y ;  and 7, = n i x i n g  d i s t a n c e ) ,  
W. Tollmien ( r e f e r e n c e  2)  has  analyzed v a r i o u s  c a s e s  o f  
f r e e  t u r b u l e n c e  - i . e . ,  of f l o w s  without  boundary w a l l s .  
Bow t h e  purpose o f  t h e  p r e s e n t  i n v e s t i g a t i o n  w a s  t o  exper i -  
menta l ly  check one o f  h i s  examples: t h e  unkplanar  j e t  ex- 
pans ion  upon emergence from a l i n e a r  s l o t ,  and t o  prove 
t h e  p r o p o r t i o n a l i t y  cons t an t ,  c ,  which he  ' in t roduced  as 

u = mean v e l o c i t y  i n  x d i r e c t i o n ;  y = v e l o c i t y  a t  
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i n  h i s  a r t i c l e .  (The corresponding laminar  problem h a s  
been t h e o g e t i c a l l y  analyzed by 3. S c h l i c h t i n g ,  i n  Ze i t ?  
s c h r i f t  fur angewandte Mathpiatik und Mechanfk, Xo. 13, 

395.) L a  a d d i t i o n ,  t h e  c a s e  of ' t u rbu len t  expansion i n  a 
%7?7 1933, p. 260; s e e  a l s o  If. Muller ,  i n  t h e  same issue, p. 

, , . ,T~  p a r t i a l l y  open and i n  a p a r t i a l l y  expanding j e t ,  were t o  
-::> be checked by t h e  same methods. 

I 
EXPBRI li/lENTAL ARRANGBXENT 

To l lmien ' s  example t r e a t s  t h e  u n i p l a n a r  jet expans ion ,  
t o  w i t :  a n  a 2 r  s t ream emerging through an  assumedly l i n e a r  
s l o t  i n t e r m i n g l i a g  w i t h  s t i l l  a i r .  The assumption of lin- 
e a r  s l o t  i s ,  of c o u r s e ,  n o t ' e x a c t l y  r e a l i z a b l e  i n  an  exper- 
iment,  a l t h o u g h  a s l o t  having a he igh t  equal  t o  twenty 
t imes i t s  b r e a d t h ,  approaches t h i s  c o n d i t i o n  f a i r l y  c l o s e l y  , 

( f i g .  1). A simple c a l c u l a t i o n  t h e n  a f f o r d s  a l i n e a r  s l o t  
i n  e x t r a p o l a t i o n ,  To render  t h e  problem amenable t o  uni-  
p l a n a r  t r e a t m e n t ,  i t  mas necessary.  t o  p rov ide  such flow 
c o n d i t i o n s ,  f o r  which t h e  v e l o c i t y  d i s t r i b u t i o n  w a s  t h e  
same i n  a l l  h o r i z o n t a l  s e c t i o n s  ( a s  f a r  as  t h e  upper and 
l o w e r  l i m i t  range3. Compliance wi th  t h i s  premise  w a s  de- 
manded f r o m  t h e  second and t h i r d  cases  a l s o .  For the  
f i r s t  c a s e  - that i s ,  p e r f e c t l y  f r e e  j e t  expansion - t h e  
two-dimensional i ty  w a s  sumn&rily pre 'determined, whereas i n  
t h e  o t h e r  t w o  c a s e s ,  i t  mas more d i f f i c u l t .  However, be- 
f o r e  going i n t o  d e t a i l s ,  i t  i s  a d v i s a b l e  t o  d e s c r i b e  t h e  
exper imenta l  set-up i t  s e l f .  

The a i r  i s  supp l i ed  by a tmo-stage blower. A honer- 
comb i s  mounted a t  G ,  while a f t  o f  i t  the c i r c u l a r  sec- 
t i o n  merges i n t o  a r e c t a n g u l a r  p r e s s u r e  chamber which 
g r a d u a l l y  t a p e r s  t o  a s l o t  S. This  p a r t  o f  t h e  equipment 
served in ,  all experiments ,  a l t hough  i n  t h e  second and 
t h i r d  c a s e s  some o t h e r  p a r t s  were added. A l a t e r a l  o r i f i c e  
on t h e  p r e s s u r e  chamber D connects  w i th  a manometer, 
which i s  held cons tan t  by cont inuous  r e g u l a t i o n  o f  t h e  . . 
r.p.m. o f  the  m o t o r ,  thus  i n s u r f n g  a cons tan t  a i r  volume 
i n  t h e  p r e s s u r e  chamber as  we l l  as  through t h e  s l o t .  The 
a c t u a l  t e s t  s e c t i o n  - a f t e r  passage  o f  s l o t  - w a s ,  i n  t h e  
f i r s t  c a s e ,  t h e  f r e e  a i r  space be fo re  t h e  s l o t .  Thus, t h e  
f i r s t  problem c o n s i s t e d  i n  d i v i d i n g  t h i s  space i n t o  exac t  
c o o r d i n a t e s ,  s o  as t o  be a b l e  t o  measure i t  p o i n t  by p o i n t .  
This w a s  accomplished with t h e  support  shown i n  f i g u r e  2. 
A s m a l l  t a b l e  monnted on two  p a r a l l e l  p o s t s  can be r a i s e d  
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o r  lowered.. A ho.r izonta1 ba lance  bar  a t i a c h e a  t o  t h e  lit- 
t l e  t a b l e ,  s u p p o r t s ,  o n - i t s  end, t h e  p r e s s u r e  survey appa- 

-% -ratus ,intended-:to..-Lin&i.ca.te the -.pres.sure at,. ..theepart i c u l a $  
p i n t  of.  t h e  a i r  space.  The survey  appa ra tus  connedts, by 
means b f  .a p i p e  running through the ba lance  b a r ,  wi th  a 
rubber tubsng whhch, f a s t e n e d  at  %he oth.er end d f  t h e  b a r ,  
l e a d s  t o  t h e  manometer'. The two u p r i g h t s  are  mounted on a 
heavy metal.. $upport which r e s t s  on Sour se t sc rews  on a 
mooden.base; The l a t t e r  r e s t s  on ly  w i t h  t h e  fo'yr c o r n e r s  
on t h e  f l o o r ,  .whereby one c o r n e r  i t s e l f  i s  r ep laced  by a 
se t screw t o  a . l l o m  f o r  t h e  unevenn8s.s o f  t h e  f l o o r .  The 
se t screws  o f  t he  m e t a l  base a s s u r e  per fe 'c t  p e r p e n d i c u l a r i -  
t y  o f  t h e  upr ighes .  The bkr c a r r y i n g  the p r e s s u r e  survey 

- d e v i c e ,  a p i t0 . t  t u b e ,  w a s  a t  f i r s t  . s e t  . into seve re  o s c i l l a -  
t i o n s  by t h e : a i r  s t ream,  but t h e s e  could be a l m o s t  com- 
p l e t e l y  removeii, a f t e r  va r ious  a t t e m p t s ,  by the damping D, 

. T h i s  i s  e f f e c t e d  through a l o o s e  p i e c e  o f  metal  p l aced  on 
t h e  bar l i n k e d  t o  an i n c l i n e d  rocke r  a t  a f i T e d  p o i n t  and 
which s l i d e s  back and  f o r t h  w i t h  f r i c t i o n  when t h e  bar 0s.- 
ciliates. The o r i g i n  o f  t h e  coord ina te  system o f  t h e  t e s t  
range was p laced  i n  t h e  i n t e r s e c t i o n  o f  t h e  d i agona l s  o f  
t h e  s l o t  f o r  r ea sons  o f  symmetry o f  t h e  whole t e s t  f i e l d  - 
d i r e c t f o n  x i n  flow d i r e c t i o n ,  d i r e c t i o n  y ,  b o r i z o n t a l  and 
p e r p e n d i c u l a r  t o  i t .  I n  d i r e c t i o n  z ( v e r t i c a l ) ,  t h e  pres -  
sure g r a d i n g  w a s ,  as s t a t e d  b e f o r e ,  cons tan t .  

. 

The t o t a l  head m a s  recorded by p i t o t  t ube  and  P r a n d t l  
type  manometer. The s t a t i c  p r e s s u r e  w a s  recorded wi th  a 
tube  having l a t e r a l  o r i f i c e s  and a n  i n c l i n e d  manometer. 
From t h e  r e s u l t a n t  dynamic p r e s s u r e ,  t h e  v e l o c i t y  d i s t r i -  
bu t ion  w a s  computed a f t e r  c o r r e c t i n g  f o r  a i r  p r e s s u r e  and 
temperature .  In  t h e  second t e s t  t h e  c r e a t i o n  o f  a tmo- 
dimensional  flow w a s ,  of c o u r s e ,  extremely d i y f i c u l t .  The 
o r i g i n a l  shape o f  t h e  channel w a s  as  shown- in  f i g u r e  3. 
B u t ,  ;t 11 S s arrangement proved u n s u i t a b l e ,  because t h e  
s u c t i o n  o f  t h e  s t i l l  a i r ,  cond i t ioned  by t h e  a i r  s t r eam,  
f o r c e d  i t  t o  be sucked around. t h e  uppe r . and  lower edges 
and t h e  thus -c rea t ed  v o r t i c e s  .at t h e  edg.es soon des t royed  
t h e  u n i f o r m i t y  o f .  f low i n  t h e  . ve r t i ca l .  . 

T h i s  o b J e c t i o n a b l e  f e a t u r e  w a s  removed by f i t t i n g  t h e  
curved p i e c e s  of metal  shown i n  f i g u r e  4. ' Even s o ,  t h e s e  
remained d i f f i c u l t i e s  desp i t -e  the c a r e f u l  a l i n e n e n t  o f  t h e  
boundary wa l l s ' . ( by  means of. a l i g h t  beam), u n t i l  the .  s l o t  
w a s  narrowed from 6.5 t o  3 cm (2.56. t o  .1.*18 in . )  f o r  a 
h e i g h t  of 65 cm-(25.6 i n . ) , ' a n d  a second close-meshed sc reen  
w a s  i n s e r t e d  between p r e s s u r e  chamber and s l o t .  T h i s  f i n a l -  
l y  i n su red  a s a t i s f a c t o r y  v e l o c i t y  d i s t r i b u t i o n  i n  t h e  ver- 
t i c a l  ( f i g .  5). 

... : ,,: . 
I .  ,.. .. I .  
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For  t h e  f i r s t  and second experiments., .it w a s  ve ry  de- 
s i r a b 1 e . t o  be a b l e  t o  adjust  both p i t o t  and . s t a t i c  tube  i n  
t h e  p e r t i n e n t  f l o w  d i r e c t i o n  a t  t h e  extreme mizthg bound- 
a r y  between j e t  and inducted a i r ,  where t h e  f l o w  d i r e c t i o n  
d e f l e c t s  cons ide rab ly  from t h a t  o f  t h e  p r i n c i p a l  f low f.x 
d i r e c t i o n ) .  The t u b e  had t o  be made t o  p i v o t  about t he  
t e s t  p o i n t .  The n e c e s s a r y  device  as shown i n  f i g u r e  6; 
i n c l u d e s  a ba lance  bar mifh a s c a l e  d i v i s i o n  a t  i t s  o u t e r  
end. Then t h e  s t a t i c  t u b e ,  mhich i s  very  r e spons ive  t o  
d i r e c t i o n a l  changes,  v a s  r o t a t e d  u n t i l  i t  i n d i c a t e d  maxi- 
mum p r e s s u r e ,  a f t e r  which t h e  corresponding angu la r  s e t t i n g  
was recorded  and t h e  p i t o t  tube  p o i n t e d  i n  t h e  same d i r e c -  
t i o n  f o r  t h e  to t a l -head  measurement. A f t e r  t h u s  s o l v i n g  
m o s t  o f  t h e  exper imenta l  problems, t h e r e  s t i l l  remained 
the  d i f f i c u l t  f e a t  o f  a t t a i n i n g  a s a t i s f a c t o r y  s t a t i c  pres-  
s i r  e r ead i n g  . 

S t a t i c  P res su re  

The s t a t i c  p r e s s u r e  was recorded ,  a s  p r e v i o u s l y  s ta t -  
ed,  w i t h  a p i t o t  t ube  having f o u r  symrrretriml o r i f i c e s  on 
the  s i d e s  { f i g .  7). I t  m a s  soon found t h a t  t h i s  tube re- 
corded a ve ry  marked nega t ive  p r e s s u r e ,  amounting up t o  1 5  
percent  of t h e  dynamic p r e s s u r e  i n  t h e  main mixing zone o f  
a i r  s t ream sad. s t i l l  a i r . ,  a s  a g a i n s t  one-ha1.f percent  and ,  
a t  t h a t ,  i n d i c a t i v e  o f  p o s i t i v e  p r e s s u r e ,  accord ing  t o  
Tol lmien ' s  theory .  Consequently, t h e s e  measurements, ra th-  
e r  t han '  r e p r e s e n t i a g  rea l  v a l u e s ,  imply t h a t  survey dev ices  
o f  t h i s  t ype  do not record  t h e  r e a l  s t a t i c  p r e s s u r e  i n  tur -  
bu len t  f l o w .  They a r e  extremely r e spons ive  t o  d i r e c t i o n a l  
changes,  and even a change of a few degrees  causes  a pres-  
su re  drop i n  t h e  manometer, which i s  no longer  i n  accord  
with a c t u a l  p r e s s u r e  cond i t ions  i n  the  j e t .  

S i n c e ,  i n  t u r b u l e n t  f l ow,  t h e r e  i s  a cont inuous change,  

i i n  f low d i r e c t i o n ,  o f  t h e  i n d i v i d u a l  f l u i d  p a r t i c l e s  t o -  
mard t h e  main f low d i r e c t i o n ,  t h e  manometer reading  i s  
lower than  t h e  t r u e  s t a t i c  p r e s s u r e .  And t h i s  f i g u r e  i s  
so  riuch l e s s  as t h e  tu rbu len t  Pnterchange i s  g r e a t e r  - 
ii or. c e  t h e  premise ,  confirmed by p e r s o n a l  o b s e r v a t i o n a l  
s tudy ,  appea r s  j u s t i f i e d .  That i s ,  a survey appa ra tus  of 
t h i s  k i c d  ind ica t e - s  a minimum of t h e  p r e s s u r e  a t  t h e  p o i n t s  
o f  maximum in t e rchange  and consequent ly ,  g i v e s  t h e  p o i n t  o f  
maxinun shea r ing  s t r e s s ,  but  f o r  t h e  r e s t ,  i s  t o t a l l y  un- 
s u i t a b l e  f o r  r e c o r d i n g  t h e  a c t u a l  s t a t i c  p r e s s u r e  i n  tur- 
bulen t  f low ( r e f e r e n c e  3) . 

The next s t e p  was t o  .design a device  which w a s  not re- 
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spons ive  t o  changes o f  f l o w  d i r e c t i o n .  A f t e r  v a r i o u s  
a b o r t i v e  . 1 ,_.._ ,. . a t t . e n p t s ,  . .. t h e  form shown i n  f i g u r e  8 w a s  adopted.  
The s k a t  i c  p r e s s u r e  t a p  w a s  p l aced  'plrithin---a..turned-up hol- 
l o w  c y l i n d e r ,  whose w a l l s  were h o l l o w  and se rved  as pres- 
s u r e  l e a d s  t o  t h e  manometer.. A c a l i b r a t i o n  f o r  d i r e c t i a n -  
a l  change r evea led  i t  t o  be u n a f f e c t e d  by f l o w  d i r e c t i o n  
over a range of approximately 80°; t h a t  i s ,  t h e  r e a d i n g  
was t h e  same a f t e r  be ing  turned  through a ,f4Oo a n g l e  rel'a- 
t i v e  t o  t h e  .main f l o w  d i r e c t i o n  ( f i g .  9) .  

On t h e . o t h e r  hand ,  i t  w a s . s t i l 1  markedly in f luenced  
by t h e  dynamic p r e s s u r e  ( f i g .  10) which, of cour se ,  de- 
c r e a s e s  a s  t h e  a i r  speed inc reases .  S ince  m o s t  measure- 
m e n t s  mere made a t  such speeds ,  when . t he  e f f e c t  of dynarnic 
p r e s s u r e  i s  small ,  t h e  order  of magnitude of t h e  s t a t i c  
p r e s s u r e  m a s  o b t a i n a b l e  t o  such a degree as t o  make t h e  
s t a t i c  p r e s s u r e  e f f e c t  amenable t o  e s t i m a t i o n  vhen comput- 
ing  t h e  shea r ing  s t r e s s e s .  

The i n t e r a c t i o n  o f  t h e  s t a t i c  p r e s s u r e  o n  t h e  shear- 
i ng  s t r e s s  c a l c u l a t i o n  could be d is regarded  i n  f i r s t  ap- 
proach ( a s  proved e l s e w h e r e ) ,  hence i t  a f f o r d e d  a more-ex- 
a c t  de t  e r n i n a t i o n  of t h e  s t a t  i c  p r e s s u r e  i n  o u r  p a r t i c u l a r  
case .  I n  any c a s e ,  i t  appears  t o  be d e s i r a b l e ,  however, 
t o  c o n c e n t r a t e  o n  t h e  des ign  of a survey a p p a r a t u s  mhicli, 
t o t a l l y  una f fec t ed  by main f low d i r e c t i o n  and amount of 
dynamic p r e s s u r e ,  a f f o r d s  a n  unob jec t ionab le  s t a t i c  pres -  
s u r e  reading. 

RESULTS OF TXSTS 

Open J e t  

The thus-obta ined  v e l o c i t y  d i s t r i b u t i o n s  f o r  variou's 
s l o t  spac ings  a a r e  shown i n  f i g u r e  11. These p r o f i l e s  
a r e  p l o t t e d  nondimensionally i n  f i g u r e  12 a f t e r  d i v i d i n g  
t h e  p e r t i n e n t  v e l o c i t i e s  py t h e  v e l o c i t y  maximum of t h e  
p a r t i c u l a r  p r o f i l e  and  t h e  r e l a t e d  p o s i t i o n  c o o r d i n a t e  by 
t h e  coordanate  o f  t h e  ha lved  m a x i m u m  v e l o c i t y .  

The v e l o c i t y  p r o f i l e s  may be expressed by - 

Comparing t w o  p r o f i l e s  each f o r  t h e  c o n s t a n t s  p and 
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q, we have: ' 

p = - 0.50, . q'= 0.997 

. i n  accord  w i t h  t h e  t h e o r y  which s t i p u l a t e s  p = - +, q = 
' 4- 1. 

For comparison w i t h  Tol lmien ' s  t h e o r e t i c a l  v e l o c i t y  
d i s t r i b u t i o n ,  m a  inc luded  h % s  t h e o r e t i c a l  curve i n  f i g u r e  
12.. Both t h e  t h e o r e t i c a l  and exper imenta l  curves  have 
been normalized s o  as t o  be a g r e e a b l e  i n  t h e  p o i n t s  y = 0 ,  

Approaching maximum v e l o c i t y ,  t h e  measured v e l o c i t y  
i s  see2  t o  be h i g h e r ,  and  a t  t h e  j e t  boundary lower,  t han  
t h e  t h e o r e t i c a l .  The same phenomenon w a s  observed i n  t h e  
ro t a t  i o n a l l y  symmetrical  wake (unpubl i shed  measurements by 
ITiBuradse and S c h l i c h t i n g )  . The p r o p o r t i o n a l i t y  cons tan t  
c i n  t h e  n i x i n g  d i s t a n c e  equat ion  1 = c x was  defined* 
at  c = 0.0165, which g i v e s  L = O.OS*S,  when 2b t o t a l  
j e t  width. 

b 

P a r t i a l l y  Open J e t  

The ob ta ined  v e l o c i t y  p r o f i l e s  f o r  d i f f e r e n t  s l o t  d i s -  
t ances  a a r e  shown i n  f i g u r e  13. Waereas t h e  f i r s t  t h r e e  
p r o f i l e s  ( a  = LO, 2 0 ,  slid 35 cm (3.94, 7,87, and 13.78 in.)) 
s t i l l  show a s lo t -wid th  e f f e c t  and t h e r e f o r e  do n o t  count 
i n  t h e  f i n a l  e v a l u a t i o n ,  tlie other .s ,  f a r t h e r  away, do not 
r e v e a l  i t .  A t  t h e  same time i t  w a s  important  t o  know 
whether t 'nese p r o f i l e s  mere mutua l ly  s in i l a r  and t h e  f l o m  
thus  f o l l o v e d  a s imple  lam n i t h i n  t h e  e n t i r e  range, The 
procedure w a s  t h e  same as  f o r  t h e  open ,jet. The individu-  
a l l y  recorded v e l o c i t y  w a s  d iv ided  by i t s  momentary maxi- 
m i n  o f  t h e  p r o f i l e ,  and t h e  i n d i v i d u a l  p o s i t i o n  c o o r d i n a t e s  
b ~ r  t h e  c a  Q r d i n a t e  of t h e  v e l o c i t y  wliich, on  t h e  f r e e  s i d e  
o f  t h e  p r o f i l e ,  equa l s  h a l f  t h e  ve l0  c i t y  maximum. The 
thus-obtained nondimensional va lues  f o r  t h e  i n d i v i d u a l  
p r o f i l e s  were p l o t t e d  on one shee t .  i t  w a s  found t h a t  a l l  
p r o f i l ~ s  a r e  co inc iden t  i n  one curve ( f i g .  14), t h u s  prov- 
iRg t h a t  t k e  f l o m  i n  t h i s  case  a l s o  f o l l o w s  a simple l a w  
of  s i m i l i t u d e  w i t h i n  the  e;lt*.re range. 

*Owing t o  t h e  r e d u c t i o n  o f  t h e  f i n i t e  s l o t  width t o  l i n e a r  
s l o t ,  m e  have x = a + e (a  = d i s t a n c e  f r o m  s l o t ,  e = - 
4.5 C I ~  (17.7 in . ) .  
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The comparison o f  t w o  a d j a c e n t  p r o f i l e s  gave: 
.., . 5 . .. .. - . . .. . . . _  

consequent ly ,  p = - +; q = 0.99 

Hereby i t  w a s  necessary  t o  s o  reduce t h e  d i s t a n c e  
fron t h e  s l o t  o f  f i n i t e  T id th  t o  a l i n e a r  s l o t ,  t h a t  a 
cons t an t  v a l u e  e w a s  added t o  d i s t a n c e  a ,  making t h e  
t h e o r e t i c a l  d i s t a n c e  x = a 4 e .  The v a l u e s  f p r  p ,  q, 
and  e I were de f ined  as f o l l o w s :  . Since  t h e  i n d i v i d u a l  
p r o f i l e s  a r e ’  c o i n c i d e n t ,  t h e  momentary v e l o c i t y  m u s t  be 
dependent o n  t h e  t h e o r e t i c a l  s l o t ’  d i s t a n c e  .as w e l l  as on 
a f u n c t i o n  wh icha re fe r s  t h e  j e t  width t o  t h i s  d i s tance .  
That  i s ,  . .  .. 

h o l d s  a g a i n ,  w i t h  

x = a f e  

a being t h e  measured d i s t a n c e  f r o m  t h e  s l o t ,  e t h e  
above-ci ted cons tan t  a d d i t i v e  l e n g t h .  N o w ,  s i n c e  t h e  max- 
imum v e l o c i t y  i s  stmply a f u n c t i o n  of  t h e  s l o t  d i s t a n c e ,  
the  e q u a t i o n  

must hold; whereby ax and a2 a r e  t h e  measured d i s t a n c e s  
o f  p r o f i l e s  1 and 2 from the s l o t ,  and Um ( a l )  and 
um ( a z ) ,  
Likewise,  i t  m u s t  be 

t h e  maximum v e l o c i t i e s  o f  p r o f i l e s  1 and 2. 

f o r  p r o f i l e s  2 and 3. 
._ j 

4 Fron t h e s e  equa t ions ,  e and p a r e  t h e n  computed 
a t  

e = 20.1 cm (7.9 i n . ) ,  p = - 6 
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q may a l s o  be expressed by a n  equa t ion ,  f o r  acco rd ing  
t o  t h e  law o f  s imi l i t ude  for v e l o c i t y  d i s t r i b u t i o n ,  equal  

v a l u e s  have equal  -- values .  The s e l e c t i o n  of  Y ------ 
U I  

( a  -i- e ) q  urn 
p o i n t s  i n  two p r o f i l e s ,  s o  t h a t  -- - - s t i p u l a t e s  urn 5, 

Y ( a d  ( a 1  4- e l q  ------ = .---I --i. 

Y (a,) (az + e l q  

when y (al) and y (az) . . d e n o t e  t h e  y c o o r d i n a t e s  0 9  

From t h i s  q may be computed. Even s o ,  p o i n t s  --- um - 5. 
t h e  ob ta ined  va lue  cannot be considered f i n a l  because t h e  
shape o f  t h e  v e l o c i t y  p r o f i l e  i s  dependent on t h e  w a l l  . 
f r i c t i o n  as w e l l  as on t h e  mixing w i t h  t h e  s t i l l  a i r .  Both 
p r o c e s s e s  must be t r e a t e d  s e p a r a t e l y .  S u b s t i t u t i n g  f o r  
tLis y ,  measured w i t h  inc lus io l :  of t h e  f r i c t i o n  zone, t h e  
d i s t a n c e  o f  t h a t  po in t  on t h e  f r e e  s ide  where t h e  v e l o c i t y  

U 

equals umax and I, umax, s a y ,  a t  p o i n t s  1 and 2 ,  ro- 

moves t h e  w a l l - f r i c t i o n  e f f e c t ,  I n  t h i s  manner t h e  value 
q L  = 0.997 w a s  ob ta ined .  

A l o g a r i t h m i c  p l o t  of t h e  v e l o c i t i e s  ve r sus  y f o r  %\. 

w a l l  p rox imi ty ,  r e v e a l s  a r i s e  of t h e  v e l o c i t y  wi th  t h e  
1/7 power of t h e  w a l l  d i s t a n c e ,  wb i l e  f o r  t h i s  zone qz = 
0.8995, 

This  va lue  f o r  q2 can a l s o  be deduced t h e o r e t i c a l l y .  
It  has been shown t h a t  

i s  v a l i d ,  On t h e  o t h e r  hand, V. Karrnan ( r e f e r e n c e  4) de- 
f i n e d  t h e  shea,ring s t r e s s  a t  t h e  wall with  

114 7 / 4  
T o * p  U C ( -  = propor t iona1  , ( 4) 

* I) = kinemat ic  v i s c o s i t y )  

The momentum theory  ( equq t ion  ( 9 ) )  s t i p u l a t e s  

u2 Y 
To N p -z-- 

. .  
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Then i t  i s  

that i s ,  w i t h  = xq q . . 

or 

as . -  
Q$ To render  ( 3 )  ag reeab le  wi th  ( 6 )  i t  must be 

P- 8 
o r  c - x  

mhich, w r i t t e n  f n  ( 4 )  gives :  

F r o m  ( 7 )  and ( 8 )  then follows 

or 
1 

t h a t  i s ,  . :  

. .  
The i n s e r t i o n  of t h e ' a s c e r t a i n e d  value 
t u a l l y  affords 

p = - *, t hen  ac- 

= .qz = 0.9 
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I 

C a l c u l a t i o n  of *Shear ing  S t r e s s .  . 

According t o  t h e  f i r s t  e q u a t i o n  o f  motion, i t  i s  

au au- - , L a p +  1 a7 
a s .  p a x  pz ax u - -+  v 

I n t e g r a t i o n ,  accord ing  t o  y g ives :  

a v  - au ai? - - 3z, becomes which, because 

Y Y 
= 2 u g dy 4- vu Y + L f  x,, a 1: j o  P o  ax 

which may also be w r i t t e n :  

The d i f f e r e n t i a t i o n  accord ing  t o  x may, o n  t h e  basis o f  
t h e  l a m  o f  s i m i l i t u d e  f o r  v e l o c i t y  d i s t r i b u t i o n  

u = xp f ( q )  

Y be e f f e c t e d  w i t h  q = ---. 
xq . 

DYsregarding the  p r e s s u r e  term which, accord ing  t o  
\ t h e  measurements, i s  so  small as t o  b e ' n e g l i g i b l e  f o r  t h e  

shea r ing  s t r e s s  c a l c u l a t i o n ,  a f f o r d s  

0 0 

! 



N.A.C.A.  Technical  Memorandum Bo. 789 11 

Thus t h e  s h e a r i n g  s t ress  f o r m u l a  for any value o f  p and 
q ,becomes; . . 

" I  . . .. I - . ,  . .  .'. * ,  . -  . .  

T i t h  Ym as c o o r d i n a t e  o f  t h e  v e l o c i t y  maximum urd,' 
. ' g ives  f o r  t h e  w a l l  r eg ion  0 y 5 ym w i t h  p = - 4 and 
q -- 0.9 

with  p = - 1 2, q = 1.0: > an8 for t h e  o u t s i d e  zone y = y, 

Y 
1 - - -- u f udy ; i:, - .  2x Ym 

From (11) a n d , ( l l a )  f o l l o w s  t h e  shea r ing  s t r e s s  i n  t h e  out- 
s i d e  zone at; 

ylil Ym Y 

x o  0 ym 
;I: _-- - - O e l  --- [ f u2a3r -I- 4 ~ , $  udy -t- 511s udy] (12)  

Eqnat ions  (11) and ( u ) ,  con ta in ing  on ly  known v a l u e s ,  
served as  b a s i s  o f  t h e  shear ing  s t r e s s  c a l c u l a t i o n .  

The v a l u e s  o f  t h e  i n t e g r a l s  at t h e  p a r t i c u l a r ' p o i n t s  
7 K e r o  g r a p h i c a l l y  i n t e g r a t e d .  The r e s u l t i n g  T/p  val-  
ues  g i v e  t h e  d i f f e r e n c e  i n  shea r ing  s t r e s s  a t  any p o i n t  of 
t h e  flow from the corresponding m a l l  f i g u r e  which is not 
zero;  a l though  t h e  shea r ing  s t r e s s  a t  tile j e t  edge r e l a -  
t i v e  t o  t h e  f r e e  space mus't become z e r o .  P l o t t i n g  the  
va lnes  ackori l ingly r e v e a l s  t h e  shea r ing  s t r e s s  as @ a s s i n g  
th sough 'ke ro  a t  t h e  p o i n t  o f  maximum f l o w  v e l o c i t y ,  as . 
equa l ly  f o l l o w s  f r o m  equat ion  (12) .  This  is r e a d i l y  under- 
s t o o d  becaase a t  t h i s  p o i n t  t h e  s h e a r  due t o  w a l l  f r i c t i o n ,  
as w e l l  ass that  due t o  mixing, m u s t  d i s aypea r ,  In f i g u r e  
1 5  t h e  shea r  d i s t r l b u t i o n  i s  shown p l o t t e d  a g a i n s t  j e t  - 
width. 

-I 
C a l c u l a t i o n  o f  Mixing b i s t a n c e  

Fol lowing t h e  de t e rmina t ion  o f  t h e  s h e a r i n g  s t ress ,  
. t h e  mixing d i s t a n c e  mas computed accord ing  -to 
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The values were ob ta ined .  by g r a p h i c a l  d i f f e r e n t i a t i o n  

of t h e  cu rves  e s t a b l i s h e d  f o r  t h e  ' v e l o c i t y  d i s t r i b u t i o n  i n  
y d i r e c t i o n ,  The va lue  f o r  t h e  p a r t i a l l y  open j e t  is  

3 Y  

= 0,0684 b 

Here b = width  of mixing zone - t h a t  i s ,  e x c l u s i v e  of f r i c -  
t i o n  zone on t h e  f i x e d  wall. This f i g u r e  i s  f a i r l y  agreea-  
b l e  w i t h  that f o r  t h e  f r e e  j e t  boundary (i = 0.0682). 

g iven  i n  To l lmien ' s  c i t e d  r e p o r t .  

F l o w  i n  P a r t i a l l y  Expanding J e t  

Expe r imen ta l ly ,  t h i s  case  i s  not  u n l i k e  t h a t  of t h e  
o t h e r s  except  f o r  t h e  c l o s i n g  o f  t h e  f o u r t h  s i d e  of t h e  
p rev ious  three-s ided  channel ,  The ba lance  bar c a r r y i n g  
t h e  p r e s s u r e  survey appara tud  w a s  i n s e r t e d  through openings 
i n t o  t h e  newly i n s t a l l e d  s i d e  m a l l  of t h o  channel.  The 
openings f o r  d i f f e r e n t  s l o t  spac ings  harmonized e x a c t l y  
wi th  t h e  p r o f i l e  of  t h e  balance bar. The unused openings 
mere c a r e f u l l y  plugged. 
t a l  head and t h e  s t a t i c  p r e s s u r e  i n  e i g h t  s e c t i o n s ,  a f f o r d -  
i ng  t h e  v e l o c i t y  d i s t r i b u t i o n  i n  t h e  channel f o r  t h e  d i f -  
f e ren t  s l o t  spacings* (fig. 1 6 ) .  I n d i v i d u a l  g r a p h i c a l  in- 
t e g r a t i o r ,  o f  t h e  v e l o c i t y  p r o f i l e s  then  gave t h e  volume o f  
f low f o r  each. T3.e p o i n t s  o f  equal  f l o g  volume were then 
co-nnected, r e s u l t i n g  i n  t h e  f low p a t t e r n  shown i n  f i g u r e  
17. 

T h e  measurements inc luded  t h e  t o -  

L a s t l y ,  we computed t h e  mixing d i s t a n c e  f o r  t h e  c a s e  
of a b r u p t l y  expanding channel. The v e l o c i t y  p ro f  i f e s  be- 
i ng  no longe r  s i m i l a r ,  t h e  c a l c u l a t i o n  of t h e  mixing d i s -  
t ance  had t o  be made on t h e  basis o f  t h e  gene ra l  equa t ion  
( 9 ) .  The shea r ing  s t r e s s  To at the  w a l l  was computed 

*Tbe measured v e l o c i t y  p r o f i l e s  r e v e a l  'Ibulgeslt nea r  t h e  
p o i n t s  where t h e  p r e f i x  o f  t h e  v e l o c i t y  changes, This  i s  
due t o  t h e  f a c t  t h a t  a t  t h e  p o i n t  where t h e  t u r b u l e n t  ve- 
l o c i t y  f l u c t u a t i o n  i s  o f  t h e  same o r d e r  of magnitude as 
t h e  mean v e l o c i t y ,  t h e  de t e rmina t ion  of t h e  v e l o c i t y  f r o m  
p i t o t - t u b e  r ead ings  i s  cons iderably  f a l s i f i e d ;  t h a t  i s ,  
t h e  v e l o c i t y  i s  always t o o  high. For t h e  subsequent eval-  
u a t i o n s ,  t h i s  e r r o r  w a s  minimized by p l o t t i n g  t h e  v e l o c i t y  
p r o f i l e s  smooth i n  t h e  v i c i n i t y  of t h e  zero p o i n t s .  (Com-  
p a r e  t h e  dashed l i n e s  i n  f i g ,  16.) 

-------------------_--------------------------------- 
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from t h e  1/7 power‘law f o r  v e l o c i t y  d i s t r i b u t i o n  a t ,  
. - %  - - .  _ -  ... ._. I 

. _  ._ . - . -, - -  

To = 0.0225 -- 
The i n t e g r a l  i n  ( 9 )  w a s  de f ined  g r a p h i c a l l y  from t h e  

measured v e l o c i t y  d i s t r i b u t i o n s .  ThQs. f igure  18 i l l u s -  
t r a t e s  t h e  obta ined  d i s t r i b u t i o n ” 0 f  . t h e  inixing d i s t a n c e  
over t h e  s e c t i o n  f o r  f i v e  v e l o c i t y  p r o f i l e s  a t  d i s t a n c e s  
a = 10 t o  a = 60 cm ( a  = 3.94 t o  23.62 in . )  from t h e  , 

d i s c h a r g e  opening. The no tab le  f a c t  h e r e  i s  t h a t  i n  t h e  
v i c i n i t y  o f  t h e  w a l l  t h e  mixing d i s t a n c e  i n c r e a s e s  consid- 
e r a b l y  more w i t h  t h e  w a l l  d i s t a n c e  than i n  t h e  u s u a l  chan- 
n e l  o r  p i p e  f low,  where 7, = 0.4 y ( r e f e r e n c e  6 )  i n  wall 

.p ro ,x imi ty .  I t  does t h e r e f o r e  seem o f  importance as f a r  as 
t h e  mechanism o f  tu rbulence  i s  concerned, s h e t h e r  t h e  a’ir 
sucked i n  and c a r r i e d  a long  bx t h e  j e t  w a s  at r e s t  as i n  
b o t h  t h e  open and i n  t h e  p a r t i a l l y  open j e t ,  o r  whether 
t h e  a i r  was a l r e a d y  i n  t u r b u l e n t  motion beforehand,  a s  w a s  
t h e  c a s e  here .  A t  g r e a t e r  w a l l  d i s t a n c e  t h e  mixing d i s -  
t a n c e  assumes a cons t an t  and p r a c t i c a l l y  equal va lue  f o r  
all p r o f i l e s ;  tha t  i’s, 7, Z 1.3 cm ‘(0‘.51 in . )  and, s i n c e  
b = 1 8  cm (7.09 i n . ) ,  

0.072 7 , -  
b 
- -  

b = t o t a l  channel breadth .  ’(The va’lue f o r  t h e  straight 
p i p e  i s .  (i)max = 0.0’7 for .  p i p e  c e n t e r  - that i s ,  a l m o s t  

t h e  s a m e .  

T h i s  method o f  camputing the mixing d i s t a n c e  i s  no 
longe r  p e r m i s s i b l b  f o r  p r o f i l e s  a t  g r e a t e r  d i s t a n c e s  from 
t h e  e x i t  opening because t h e  s imple mixi’ng d i s t a n c e  f o r -  
m u l a  (I) no longer  h o l d s ,  as a r e s u l t  of t h e  cons ide rab le  
d i r e c t i o n a l  d i f f e r e n c e s  o f  t h e  i n d i v i d u a l  s t r eaml ines .  AS 
f o r  t h e  r e s t ,  t h e  d e t e r m i n a t i o n  of  the  mixing d i s t a n c e  by 
t h i s  method can l a y  no g r e a t  c l a i m  t o  accu racy ,  because 
t h e  f l o w  w a s  not s t r i c t l y  two-dimensional, and t h e  f l o w  
volume t h e r e f o r e  w a s  d i f f e r e n t  i n  t h e  i n d i v i d u a l  s e c t i o n s  - 
a f a c t  which i s  f e l t  p a r t i c u l a r l y  d i s t u r b i n g  i n  t h e  graph- 
i c a l  d i f f e r e n t i a t i o n ,  accord ing  t o  X. Even s o I  i t  may be 
seen t h a t  t h e  mixing d i s t a n c e  i n  t h e  suddenly expanding 
channel  i s  of t h e  s a m e  o r d e r  o f  magnitude as  f o r  t h e  open 
and t h e  p a r t i a l l y  open j e t ,  
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indeb tedness  t o  Profes$,or  P r a n d t l  f o r  sugges t ing  t h e  in- '  
v e s t i g a t i o n ,  and f o r .  his  y a l u a . b l e f g s s i s t a n c e ;  and t o  Drm 
to. Toflmien and D r .  5.  S c h l i c h t i n g ,  f o r  t h e i r  c r i t i c a l  
reading  o f  the   nus script. 
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Figure 2.- Carrier for pressure 
survey apparatus e 

Figure 1.- Experimental layout 

ments.(Blower with slot-shaged 
contraction.) 

for open jet measure- 

p a i t i d l y  open jei ,  
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Figure 7,- Stat ic  tube 

or if ices 
w i t h  side 

i" Figure 3.- P a r t i a l l y  open 
jet, 

-- 
Fignre 5.- Velocity distribu- 

tion at right angles 
to.main f l aw plane for partial- 
Ig open je t ,  

Figure 8.- Static  pressure tube Figure 6.- Device for rotating the 
pressure survey appara- w i t h  inside hales. 

Figure 11.- Velocity distribution i n  two-dimensional open jet 
for different distances from the slot. 
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Figure 12,- Non-dimensional velocity 
distribution in trro-di- 

mensional open jet. 

30rll- 

ZU -Ym 
Figure 13.- Velocity distribution 

in partially open jet 
for different distance8 from the 
810 t . - 
Figure 15.- Shear distribution in 

partially open jet. 
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Figure 16.- Velocity distribution in partially 

tances from the s lot .  
expanding j e t  for different dis- 

Figure 17.- Flow picture of partially expanding j e t .  




